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AN EXTENSION OF THE PARANETER PLANE METHOD 

D.D.  S i l j a k  

Summar : This  paper presents  an ex tens ion  of t h e  parameter p lane  
&to t h e  case i n  whicn the  c o e f f i c i e n t s  of t h e  c h a r a c t e r i s t i c  
equat ion  a r e  l i n e a r  func t ions  of two a d j u s t a b l e  parameters and t h e i r  
product.  A s  a simple and rap id  procedure f o r  f a c t o r i n g  cha rac t e r -  
i s t i c  polynomials i n  the  parameter p lane ,  t h e  presented method i s  
a p p l i e d  t o  t h e  design of  l i n e a r  continuous and sampled-data c o n t r o l  
systems, as w e l l  as nonl inear  systems. The procedure is i l l u s t r a t e d  
by examples i n  which mul t iva r i ab le  c o n t r o l  systems a r e  considered. 

I n  previous papers 0-31 ., a parameter plane method has been a p p l i e d  

t o  t h e  a n a l y s i s  and s y n t h e s i s  o f  l i n e a r  cont inuous,  sampled-data, and 

non l inea r  c o n t r o l  s y s t e m ,  I n  t h e  l i n e a r  a n a l y s i s  [l], t h e  method r e l a t e s  

two a d j u s t a b l e  system parameters, which appear  l i n e a r i l y  i n  t h e  coeffi- 

c i e n t s  of t h e  r e l e v a n t  c h a r a c t e r i s t i c  equat ion,  to a l l  t h e  r o o t  l o c a t i o n s .  

A simple and r ap id  procedura is developed f o r  f a c t o r i n g  c h a r a c t e r i s t i c  

polynomials i n  che p h m e  of t h e s e  t w o  parameT;ers, This  enables  t h e  

des igne r  t o  ma in ta i r ,  c o n t r o l  over  s a l i e n t  system c h a r a c t e r i s t i c s  o f  both 

t r a n s i e n t  and frequeficy ‘responses.  The pmcedure  extends i n  a s t r a i g h t -  

forward manner LO sampled-UaGa c o n t r o l  systems [ Z  # & ,  53 
paTameter plane rnetnod has  Deer, hpglied t o  t n e  s i l u i t a n e o u s  c o n s i d e r a t i o n  

of s t eady- s t a t e  a d  t r a n s i e n t  responses or” l i n e a r  c o n t r o l  systems 

Recently [6] t h e  

I n  non l inea r  system a n a l y s i s  [3] t h e  s t a b i l i t y  o f  s e l f - e x c i t e d  

o s c i l l a t i o n s  has been inves t iga t ed  i n  t h e  parameter plane w i t h  r e s p e c t  

t o  both t h e  system parameters and t n e  i n i t i a l  condi t ions .  Control  systems , 

wi th  two n o n l i n e a r i t i e s  and with amplitude- and frequency-dependent des-  

c r i b i n g  func t ions  have been designed. The proposed method has  been 

extended t o  r e l a t i v e  s tab i l i ty [3]  and s e n s i t i v i t y  problems i n  non l inea r  

c o n t r o l s  [79 81 . 
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L i m i t a t i o n s  of t h e  parameter plane method may a r i s e  when t h e  

a d j u s t a b l e  system parameters enter n o n l i n e a r i l y  i n t o  t n e  c o e f f i c i e n t s  

of t h e  c h a r a c t e r i s t i c  equation. T h i s  paper ex tends  the  method t o  t h e  

case when the  c o e f f i c i e n t s  depend on t h e  l i n e a r  combination of  two 

ad j u s t a b l e  parameters and t h e i r  product. The presented  procedure is 

then  app l i ed  t o  t h e  des ign  of a mul t iva r i ab le  c o n t r o l  system by giving 

i n  evidence t h e  closed-loop pole-zero conf igu ra t ions  as f u n c t i o n s  o f  

a d j u s t a b l e  system parameters,  

LINEAR cormNuous SYSTENS 

Consider t h e  c h a r a c t e r i s t i c  equat ion 

i n  which t h e  c c e f f i e i e n t s  a : , ( k = 3 , 4 ,  . . . ,n) are r e a l  and s is  t h e  

complex v a r i a b l e ,  The c o e f f i c i e n t s  ak may be expressed as f u n c t i o n s  

,r? t r r r r  wA ur'tu systex p&r&.nieterS CL and f3 a5 

If s is  expressed by 

where wn is  t h e  undamped n a t u r a l  frequency and C is tne  r e l a t i v e  

damping c o e f f i c i e n t ,  t h e  c h a r a c t e r i s t i c  equat ion  1 may be r e w r i t t e n  

as two equat ions  i n  two unknowns ce and 3 .  S u b s t i t u t i n g  equat ions  2 

and 3 i n t o  equat ion 1 and applying t h e  cond i t ions  t h a t  t h e  summations 

of t h e  r e a l s  and t h e  imaginar ies  must go t o  zero independent ly ,  equat ion  

1 can be r e w r i t t e n  in Germs of 01 and 8 i n  t h e  fo l lowing  form 
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I n  equat ions  6, f 'unctions uk (<I a r e  t h e  Chebyshev f u n c t i o n s  of 

t h e  second kind wi th  a n  argument 0 5 1 [ I  5 1 

0 5 

formula 

( f o r  s t a b l e  systems 

1 ) Functions u k (  C )  a r e  obtained by us ing  t h e  recur rence  

wi th  3 ( c )  E 0 and . w l is)  E 1 ,  For p e r t i n e n t  va lues  of c 0  f u n c t i o n s  

Uk(C) a r e  given ir, Table 11 o f  re ference  4 up t o  k =  10. 

For specified v a i u e s  o f  tt lL  and c 2  the c o e f f i c i e n t s  B1, B2# C,# 

C2, H i  H2# 7 and D2, &re S l i ,  numerical  va lues .  Equations 4 t h e n  
r e p r e s e n t  two equat ions  i f i  t w o  unhowns a and 8 which may be solved 

f o r  a and 8 providing t h e  J scob ian  J of equat ions  4 is d i f f e r e n t  

from zero,  as shown i n  r;he following. 

Denote : 

. 
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By e l imina t ing  p from equat ions 4 one o b t a i n s  

El imina t ion  of  a from t h e  same equat ions  4 y i e l d s  

The s o l u t i o n s  of equat ions 4 f o r  a and 8 are given by equa- 

t i o n s  8 if a # &  If a = O ,  t h e  s o l u t i o n s  a r e  g iven  by equat ions  9 
provided b f  0, In the s p e c i a l  case, when a =  b- 0, t h e  solutions f o r  

a and' @ a r e  

I n  t h e  o r i g i n a l  parameter plane method ~lriere h- = c! 
"k (k=  OB!,. . , B A r r I  ".\ 

and H, = H2= 0 ,  t h e  s o l u t i o n s  f o r  a and 8 may be obtained from 

equat ions  7 0 

It is i m p o r t a n t  to no te ,  i n  genera l ,  f o r  given va lues  of  tua and 

C t h e r e  a r e  two pa i r s  of v a l u e s  (alg.pl)  and ( a * t 3 2 )  which s a t i s f y  

equat ions  b e  

are  represented  by r e a l  numbers, r;he fol iowing cond i t ions  

1, addiT;ion, s i n c e  in linear system a n a l y s i s  t h e  parameters 

c 

fL - 4bd 2 G 

should be sa t i s f ied .  

By a s s ign ing  d i f f e r e n t  values  f o r  run and C and so lv ing  equat ions  

4 f o r  a and ,9 as shown above, one may o b t a i n  l o c i  of p o i n t s  i n  t h e  

as-plane,  which correspond t o  t he  r o o t s  w i t h  r e l a t i v e  damping c o e f f i c i e n t ,  

undamped n a t u r a l  frequency, o r  s e t t l i n g  t i m e  being cons t an t ,  depending 

on which v a r i a b l e  among C, wn0 o r  (an< is considered c o n s t a n t o  In 
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f u r t h e r  developments, t hese  l o c i  w i l l  be c a l l e d  t h e  

curve,  and tunc curve,  r e spec t ive ly .  These curves are r e a d i l y  p l o t t e d  

us ing  d i g i t a l  computer. 

of t h e  c h a r a c t e r i s t i c  equat ion may be c a l c u l a t e d  by i n t e r p o l a t i n g  between 

t h e  p l o t t e d  curves.  

2 curve,  W, 

After  the curves a r e  p l o t t e d ,  t he  complex r o o t s  

The l o c i  of p o i n t s  corresponding t o  r e a l  roots, which were c a l l e d  

t h e  a l i n e s  i n  re ference  1, are determined d i r e c t l y  from the  c h a r a c t e r -  

i s t i c  equat ion  by s u b s t i t u t i n g  equat ion 

s = 9-0 (12) 

a B ( d  + 6 C(a) + a8 H ( o )  + D(o) = 0 ( 1 3 )  

and equat ion  2 i n t o  equat ion I . ,  This  y i e l d s  

where 

equat ions  33 is solved f o r  @ t o  g i v e  

It can be seen  from aquation 15 that t h e  v” l i n e s  are n o t  s t r a igh t  

l i n e s  as in T;ne case l1-33 w n e f i  t h e  parameters a and 3 appear  linearily 

in the c o e f f i c i e n t s  o f  equar;ion I ,  However, f o r  s g i v e n  CT t h e r e  i s  only  

one p a i r  of t h e  va lues  (a,B) which s a t i s f y  equat ion  1 3 *  

a 

The r e a l  r o o t s  of equat ion  7 are determined by i n t e r p o l a t i n g  between 

t h e s e  l i n e s . ,  

Example 1 .  

The p l o t t i n g  of  

l i n e s  i n  t h e  as-plane can be performed i n  a s t r a igh t fo rward  manner. 

To i l l u s t r a t e  t h e  presented procedure,  cons ider  a two-variable  c o n t r o l  

system g iven  i n  Fig.  9 ,  the transfer f u n c t i o n s  o f  which are 
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Cl (s)/R1 ( 9 )  and C1 (s)/R2(s) are def ined from equat ions  18 wi th  

R, ( s )  = 0 and R,  ( s )  = 0, r e spec t ive ly ,  e t c .  
& 1 

If t h e  t r a n s f e r  func t ions  of equat ions  16 a r e  s u b s t i t u t e d  i n  equa- 

I 
t i o n  20, the  c h a r a c t e r i s t i c  equat ion has  t h e  form 

f ( s )  = O.O005:s4+ (0.0005at 0 . 0 6 ) ~ ~  t (0,06a+ 1 ) s  2 t 

+ ( c l t e ) s  4 0.8 .ag = 0 (21  1 

By applying 'che o u t l i n e d  procedure,  t h e  curves a r e  p l o t t e d  i n  

Fig. 2 for 6=0,0.7,0.2,0.5. The values o f  wn a r e  i n t e r p o l a t e d  on 

t h e s e  curves ,  According .to equat ions 8 or 9, on the  < curves t h e r e  are  

two p a i r s  of va lues  (u,3) which correspond t o  the same value of wn* 
The o lines are  p l o t t e d  i n  F ig ,  2 us ing  equat ion  21, Since  equa- 

t i o n  21 has always two r e a l  r o o t s  in the plotted as-plane,  two f a m i l i e s  
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be performed. The f a c t o r i z a t i o n  o f  1 -t G,(sj e n t a i l s  no d i f f i c u l t y  

s i n c e  G 2 ( s )  =K2/s and f ~ r  14(38,8;42.5) t h e  corresponding zero i s  equal  

t o  -38.e ,  a=KZ = 0 ,  

& 

For f a c t o r i n g  1 + G I  ( s ) ,  it shou ld  be  noted t h a t  if 

of  CJ l i n e s  a r e  p l o t t e d .  One of t h e  f a m i l i e s  is  drawn by d o t t e d  lines, 

and t h e  o t h e r  by s o l i d  l i n e s .  

mined by i n t e r p o l a t i n g  between tne curves.  

The r e a l  r o o t s  o f  equat ion  21 are d e t e r -  

To i l l u s t r a t e  t h e  f a c t o r i z a t i o n  of  equat ion 21, a po in t  M(38.8;42.5) 

i s  chosen i n  Fig. 2. By i n t e r p o l a t i n g  between t h e  6 curves,  a complex 

o f  equat ion 27 i s  determined by c =  0.3 and mn=27. p a i r  of  r o o t s  s 

The corresponding r e a l  r o o t s  determined from t h e  a l i n e s  a r e  s3= - 33 .6  

and s4= - IO8.4. 
1,2 

By f a c t o r i n g  t h e  polynomial f ( s )  of equat ion 21, t h e  poles  o f  the  

C 1  - ( s ) ,  C 1  - ( s )  C2 and - ( s )  c2 of equat ions  18 and t r a n s f e r  f u n c t i o n  - ( S L  R* 
R, R2 R? 

a r e  i n t e r p o l a t e d  on t he  curve C, = 0.2 where 

i s  -708. 

NO?JLi?\jEAT, SYSTENS 

The s t a b i l i t y  a n a l y s i s  of nonl inear  c o n t r  

w n =  28 

h s y s t  

acd t h e  

rns i n  t h  

I 

r e a l  zero 

parametel  

planer31 i s  based upon t h e  h p p l i c a t i o n  o f  t h e  d e s c r i b i n g  f u n c t i o n  t ecnn i -  

ques [9] . 
sus t a ined  o s c i l l a t i o n s ,  sometimes called t h e  limit cyc le ,  t w o  l o c i  are t o  

For a b s o l u t e - s t a b i l i t y  i n v e s t i g a t i o n s  and i n v e s t i g a t i o n s  of 
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be drawn i n  the  parameter plane,  namely, t h e  curve 6= 0 and t h e  M 

i ocus .  The former r ep resen t s  the  l i n e a r  p a r t  o f  t he  system, t h e  l a t t e r  

t h e  n o n l i n e a r i t y .  Along the  curve C =  0,  va r ious  va lues  of  IN are 

marked; a long t h e  M locus,  t h e  va lues  o f  A and frequency IN a r e  

shown. 

c =  0, the  abso lu te  s t a b i l i t y  o f  the nonl inear  system depends on t h e  

r e l a t i v e  l o c a t i o n  of t h e  curve c = O  and t h e  M locus ,  and t h e  l i m i t  

cyc l e s  a r e  found a t  t h e i r  i n t e r s e c t i o n s .  

wi th  r e s p e c t  t o  both t h e  i n i t i a l  condi t ions  and t h e  system parameters,  

The a p p l i c a t i o n  of t h e  method permits t h e  des igne r  t o  maintain c o n t r o l  

over  the amplitude and frequency o f  t h e  f e a s i b l e  sus t a ined  o s c i l l a t i o n s  

when a d j u s t i n g  parameters o f  l i n e a r  and non l inea r  p a r t s  of t h e  system, 

Tnis  may be u s e f u l  i n  the  des ign  of non l inea r  c o n t r o l  systems which have 

s u s t a i n e d  o s c i l l a t i o n s  as normal  or d e s i r e d  operai; ing c h a r a c t e r i s t i c s .  

Af te r  t h e  s t a b l e  domain is determined from the  p l o t  of  t h e  curve 

The s t a b i l i t y  i s  i n v e s t i g a t e d  

L e t  a nonl inear  e o n t r o i  system be descr ibed by a non l inea r  d i f f e r -  

e n t i a l  equatior. of t h e  i '~rr, 

C ( S ) X  -r B ( s )  F(x,sx) = 0 ( 2 3 )  

where s d/dL, C ( s )  and 3 (  s >  a re  polynomials i r i  s w i t h  t h e  degree 

of" t h e  polynomial C ( s )  higher thar ,  t h e  aegree of  t he  polynomial. B ( s ) ,  

a-id f u n c t i o r ~  F (x, 5x1 r ep -esen t s  t h e  n o n l i n e a r i t y .  I n  t n e  d e s c r i b i n g  

func t ion  method, it is  supposed t h a t  t he  solution x = x ( t )  of t h e  d i f -  

f e r e n t i a l  equat ion 23 is  s u f f i c i e n t l y  c l o s e  t o  the solution 

(24) 

@ =  cu t ,  or" t h e  corresponding l i n e a r  d i f f e r e n t i a l  equa t ion  wnich 

x =  A s i n  @ 

where 

has t h e  fol lowing c h a r a c t e r i s t i c  equat ion . 



Equation 3 is  obtained from equat ion  23 by r e p l a c i n g  the f u n c t i o n  

F(x,sx) by 
N2 F(x,sx) N I X  + - sx 
'3 

0 

I N2 = 5 1 F(A s i n  g V  AUJ cos  @ >  cos  d@ . 
0 

For n o n l i n e a r  f u n c t i o n  F(x,sx) u s u a l l y  encountered i n  c o n t r o l  systems, 

t h e  i n t e g r a l s  i n  equat ions  27 a r e  computed once f o r  a l l  and g iven  i n  

diagrams [9] , 

I n  c a s e s  where t n e  p e r i o d i c  s t e a d y - s t a t e  o s c i l l a t i o n s  a r e  considered,  

t h e  ampli tude A and frequency U) o f  equat ion  21, are  c o n s t a n t ,  and 

s e j u ~ ,  

t i a l  equa t ion  wi tn  cons t an t  c o e f f i c i e n t s  and may be w r i t t e n  i n  t h e  form 

o f  e q u a t i o n  1. The c o e f f i c l e n t s  ak may be f u n c t i o n s  o f  t n e  d e s c r i b i n g  

f u n c t i o n  N, + j Pi2 and system parameters ;is g iven  i n  equat ion  2 where a 

and B may r ep resen t  N l o  N2 OT a n  adjustabie s y s z s r ~  parameter ,  Tnere- 

f o r e ,  t h e  v a r i a t i o n  o f  t he  clescr ibing Pmct io r ,  will appea,- on one o f  t h e  

pararneter plane ax is ,  &UL w i l l  not  affecr;  t h e  < =  C curve computed from 

t h e  corresponding equat ions  8 and 9 4  

Example 2 .  

The c h a r a c L e r i s t i c  equat ion  25 corresponds to a l i n e a r  d i f f e r e n -  

To i l l u s t r a t e  t h e  s t a b i l i t y  a n a l y s i s ,  cons ide r  the systern o f  F ig ,  1 

where t n e  t r a n s f e r  f u n c t i o n s  o f  equat ions 16 are t h e  same and t h e  non- 

l i n e a r i t y  n l  has t h e  form givez-i i n  the upper r i g h t  corner  of F ig ,  3 .  

The i n p u t s  to the system are z e r o ;  i ,e. ,  r, = r2 = 0, 
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Since the  func t ion  F ( x )  of F i g .  3 ,  r ep resen t ing  the  n o n l i n e a r i t y  

n l ,  i s  a single-valued func t ion  of x from equat ions  27, it follows t h a t  

. A': 

and N2' 0, The c h a r a c t e r i s t i c  equat ion of t h e  l i n e a r i z e d  system has 

t h e  form given i n  equat ion  21 save t h a t  

a = K 2  B = K I N 1  . 
Therefore ,  t h e  curve C =  0 p l o t t e d  i n  Fig. 3 is t h e  same as t h a t  o f  

F ig .  2 ,  except f o r  t he  change i n  axes g iven  i n  equat ions  29, 

If K l  = 3 9 3  and K2=25, t he  M l o c u s  (a )  of Fig. 3 a r e  calcu-  

l a t e d  from equat ion 28 ,  A limit cycle of  a n  amplitude A = 3 . 2  and 

frequency 

i n t e r e s t i n g  t o  note t h a t  a l i m i t  cycle of t h e  saxe frequency but with a n  

amplitude of A =  2,41 can be obtained if K2 = 125 as i n d i c a t e d  by t h e  

14 l ocus  ( b )  and 1d2(125;181), It comes from t h e  f a c t  t h a t  i n  t h e  case  

w a e r  i n v e s t i g a t i o n ,  when t n a  ag term appears  i n  the  c o e f f i c i e n t s  o f  

t h e  c n a r a c t e r i s t i c  equat ion,  chere are two p a i r s  of values (a,g) 

correspond 20 t h e  sm,e p a i r  of values  

w =  50 rad/sec i s  indica ted  i n  t h e  p o i n t  MI (25 j456)  It is 

- _  

which 

(:on, < )  , 

The sys-cem used ir, .the example i s  s t a b l e  whenever t h e  s a t i r e  14 

l ocus  i s  loca ted  i n  che s t a b l e  region,  as i l i u s t r a t e d  by li; locus  ( c ) .  

The diagram of Fig.  3 can be used i n  t h e  study of two n o n l i n e a r i t i e s  

i n  t h e  system of Fig.  1 .  If another  n o n l i n e a r i t y  is  a s soc ia t ed  w i t h  t n e  

t r a n s f e r  f u n c t i o n  G ( s )  t h e  corresponding d e s c r i b i n g  f u n c t i o n  v a r i a t i o n  

would appear  a long t h e  a axis i n  Fig, 3 *  Then, t n e  s t a b i l i t y  a n a l y s i s  

of systems w i t h  t w o  n o n l i n e a r i t i e s  presented i n  r e f e r e n c e  3 

2 

can be a p p l i e d ,  

The a n a l y s i s  o f  non l inea r  systems presented here  can be used i n  

r e l a t i v e  s t a b i l i G y  i n v e s t i g a t i o n s  as shown i n  r e f e r e n c e  3 If t h e  M 
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D .. .) 

l o c u s  i s  p l o t t e d  on t h e  diagram 2 ,  t h e  f u n c t i o n s  

may be obta ined ,  

a n a l y s i s  o f  non l inea r  c o n t r o l  s y s t e m s  [ g ] .  

( ( A )  and + , ( A )  

These func t ions  may be used i n  t h e  t r a n s i e n t  response 

S AI'4PLED -D AT A S Y S TGbl S 

Exac t ly  t h e  same s o r t  of a n a l y s i s  and s y n t h e s i s ,  i n  terms of para-  

meter  p l ane  d i a g r a m  app l i ed  t o  continuous systems, can  be used i n  t h e  

des ign  of sampled-data c o n t r o l  sys t ems .  

because t h e  contours  t o  be mapped from t h e  complex v a r i a b l e  p l ane  onto  

the  parameter p lane  a r e  a l t e r e d ,  

p l ane  .of ad j u s t a b l e  parameters 

is  t h e  same as o u t l i n e d  i n  a previous s e c t i o n  fi ,2] , 

The o n l y  d i f f e r e n c e s  a r i se  

After  t h e  contours  a r e  mapped on to  t h e  

however, t h e  a p p l i c a t i o n  of' t h e  method 

Consider t h e  c h a r a c t e r i s t i c  equat ion  o f  sampled-data c o n t r o l  system 

i n  t h e  form 

where t h e  c o e f f i c i e n t s  "k(k-Oj i ) . . epm)  

i s  t n e  saxplir,g p e r i o d ,  and s is  the complex v a r i a b l e ,  By u s i n g  t h e  

z - t r a n s f o r m a t  ion 

are  g iven  by equat ion  2 ,  T 

ST ', 

z = c  V 

equa t ion  30 may be r ewr i t t e r ,  as 

k IT, 
f ( 2 )  = c ak 2 = 0 

k=o 

and t h e  a n a l y s i s  o f  t h e  system may be performed i n  t h e  z-plane. 

If t h e  complex v a r i a b l e s  s and z are expressed by 

s = -  run c + J 

t h e  fo l lowing  r e l a t i o n s h i p  can be derived 
wz = c -wncT 

(33 1 

(34 1 
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- 8  * Repeating t h e  s o l u t i o n  procedure ou t l ined  i n  a previous s e c t i o n ,  t h e  

parameters a and B may be expressed as f u n c t i o n s  o f  r v Z  and C z  

o r  as func t ions  o f  (tin and r .  Thus, by p l o t t i n g  t n e  corresponding 

curves i n  the  a9-plane,  the  f a c t o r i z a t i o n  of  t h e  c h a r a c t e r i s t i c  poly- 

nomial may be performed i n  e i t h e r  t h e  z- o r  s-plane t o  o b t a i n  t h e  complex 

r o o t s .  

i n t e r p o l a t i o n  between t h e  curves.  

Af t e r  t h e  curves a r e  p l o t t e d ,  t h e  f a c t o r i z a t i o n  is performed by 

By s u b s t i t u t i n g  s =  -a i n  equation 30, and so lv ing  equat ion 30 f o r  

a o r  5, t h e  0 l i n e s  may be p lo t t ed  i n  t h e  parameter plane.  If, i n  

equat ion  32, t h e  v a r i a b l e  z is  s u b s t i t u t e d  by o Z p  t h e  oZ l i n e s  may 

be cons t ruc ted  i n  t h e  uB-plane, The o and oZ l i n e s  a r e  used t o  

determine the  corresponding r e a l  roots i n  t h e  s- and z-plane,  r e spec t ive ly .  

Example 3 .  

To i l l u s t r a t e  t h e  ou t l ined  procedure f o r  sampled-data systems, con- 
s i d e r  t h e  two-variable system with two synchronized sarnplemgetransfer _. 

f 'unctions 
-T s 

I I t I - f ?  

and block diagram o f  Fig.  4 ,  

By applying the  z - t r a n s f o r n  method, the eijuatfons d e s c r i b i n g  t h e  

block diagram or" F i g ,  J+ are 

, 
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* c  
b -* \$hen t h e  z t ransfer  func t ions  ind ica t ed  i n  equat ion  3 7 . a r e  found 

from equat ions  3 5 ,  t h e  c h a r a c t e r i s t i c  equat ion f ( z )  e= 0 has the  

fol lowing form 

z3 + (0.181 K, + 0.005 K2 - 2.727) $+ 

+ 0.1635 K, - 0.00368 K2 + 0.00065 K1K2 -.I 0.741 0 ( 3 8 )  

For t h e  des ign  purposes,  the determina t ion  of t h e  parameters 

K2 

K1 

and may be performed by f a c t o r i n g  equat ion  38 i n  t h e  a$-plane where 

a = K I o  B = K 2 '  (39) 

A t t e n t i o n  i s  focused t o  t h e  first l i n e a r i z e d  s t r i p  i n  t h e  s-plane as 

shown i n  Fig. 5ae 

< =  cons t  l i n e s  onto t h e  parameter plane.  By t h e  z- t ransform,  t h e  

constanz damping l i n e  from the  s-plane i s  mapped intc a loga r i thmic  s p i r a l  

i n  the z-plane, as i l l u s t r a t e d  ir, Fig,  5b  f o r  t n e  l i n e a r i z e d  s t r i p .  The 

real r o o L s  are  determined by P l o t t i n g  

according LG Fig- 5 ~ "  S i n c e  t h e  correspondence between Fig;, 5a and 5b 

i s  simple and i s  g iven  by  equation 3 1 ,  3ne f a c t o r i z a t i o n  o f  equat ion 38  

may be accomplished i n  eitkier t h e  s- o r  z-plane. , 

The complex r o o t s  a r e  determined by mapping t h e  

gZ  
l i n e s  o n t o  t h e  parameter plane 

The corresponding parameter piane diagram is shown i n  Fig. 5 -  Tile  

< C G ~ V ~ S  G . 2 ,  0.3,  6 - 4 )  ana 0.5 a re  p i o t t e d  on which t h e  values o f  

tun a re  i n t e r p o l a t e d .  The oz lites a r e  constructed and t h e y  co r re s -  

pond t o  t h e  nega t ive  p a r t  o f  &he real axis of  t h e  z-plane,  

t h e  f a c t o r i z a t i o n  procedure,  choose t h e  po in t  M(4.96;I .49) .) This  p o i n t  

l i e s  on t h e  <=0.5  curve and w n =  1. Therefore ,  %he complex r o o t s  

which l i e  on t h e  s t r a i g h t  line 

To i l l u s t r a t e  

AB of t h e  s-plane w e  determined us ing  

t h e  f i rs t  equat ion  3 3 .  The corresponding va lues  o f  tu and 5 ,  can 

be determined us ing  equat ions  3 k e  
z 



' .t -14.- .* 

By e x t r a p o l a t i n g  az l i n e s ,  a r e a l  r o o t  i n  t h e  z-plane nas t h e  

value -0.083. Thus, according t o  equat ion 3 7 ,  two a d d i t i o n a l  complex 

p a i r  of r o o t s  which l i e  on t h e  s t r a i g h t  l i n e  BC of Fig. 5a can be 

determined i n  t n e  s-?lane,  and the  f a c t o r i z a t i o n  is completed. 

Vhen t h e  r o o t s  are determined f o r  t h e  primary s t r i p  i n  t h e  s-plane,  

t h e  r o o t s  i n  t h e  higher  s t r i p s  a re  determined us ing  equat ion  31 as  it 

w a s  shown i n  r e fe rence  2. It may be noted, however, t h a t  t h e  l i n e a r i z e d  

response g i v e s  t h e  exact  response of t he  sampled-data feedback system 

f o r  ranges o f  f requencies  between zero and one-fourth t h e  sampling f r e -  

quency, For h igher  f requencies ,  t h e  depa r tu re  i s  i n s i g n i f i c a n t  due t o  

t h e  low-pass c h a r a c t e r i s t i c s  of t he  hold and p l a n t  fo l lowing  t h e  sampler,  

COIJCLUSZON 

The parameter = l a m  method is extended t o  a case  when t n e  c o e f f i -  

c i e n t s  o f  t h e  c h a r a c t e r i s t i c  equat ion a r e  hinear func t ions  ai' two 

a d j u s t a b l e  parameters and r ;heir  product,  

p l o t  t he  parameter p l a e  diagram, 

factorization of c n a r a c t e r i s t i c  equat ioas  f o r  a i f f e r e n t  va lues  of  system 

parameters i s  performed without any c a l c u l a t i o n ,  If a d i g i t a l  computer 

i s  used t o  p l o t  the necessary curves ,  Lhe ex-cended method achieves  t h e  

same degree or' s i m p l i c i t y  as does t h e  x ie th~c !  X , i  Its primary form.  

T h e  procedure i s  developed t o  

Af t e r  ;he diagrsn i s  p l o t t e d ,  t h e  
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